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Modeling Engine Static Structures with Conical
Shell Finite Elements

Robert E. Kielb*
Wright-Patterson Air Force Base, Ohio

The conical shell element with nonsymmetric loading and displacement capabilities has excellent
possibilities for application to engine static structures. The major benefit would be a dramatic re-
duction in computer time as compared with a plate model, however, a severe limitation is the in-
ability to combine this element with any other element types. This paper shows a technique that
can be used to bypass this element compatibility problem. The inherent difficulty lies in the degree-
of-freedom peculiarities of the conical shell element. The nonsymmetric motion of this element is ac-
complished by expanding each degree of freedom in a Fourier series with respect to the azimuthal
coordinate. The technique presented in this paper sums this Fourier series for each degree of free-
dom and connects it to the appropriate degree of freedom for the nonshell portions of the structure
by using functional constraints. The methods used to make the elements compatible and the com-
puter time, displacement, and stress comparisons with standard plate and beam models will be
shown.

Nomenclature

/ = line load density
G = functional constraint matrix
K - stiffness matrix
m = maximum harmonic number
n = harmonic number
P ~ forces
q = functional constraint forces
R = coefficients of functional constraints
U = displacements
z = axial
8 = rotational displacements
</> = azimuth position
Subscripts
c = connected
cu = crossed terms
n = harmonic number
r = radial
u - unconnected
z = axial
0 = azimuthal
0 — zeroth harmonic
Superscripts
* = anti-symmetric displacements
sd = standard displacement system
fc = Fourier coefficient system
Matri'x Notation
\ \ — column matrix
T = transpose
— 1 = inverse
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Introduction

THE main static structural components of gas turbine en-
gines are assemblies of shells, plates, and beam substruc-
tures. The problem of analyzing these structures has al-
ways been a difficult one to solve. Until the 1960's, classi-
cal solutions had to be combined with testing and experi-
ence to predict the structural characteristics. With the
advent of finite element solutions in the sixties, the abili-
ty to analyze engine static structures was greatly en-
hanced. The analyst was no longer limited to the few clas-
sical solutions available and had greater generality in ge-
ometry, loading conditions, material properties, and
boundary conditions. Unfortunately, with this enhance-
ment came the added expense of a finite element solution.
Once the computer programs are available, the major ex-
penses of a solution are computer time and input prepara-
tion time.

Presently, engine static structures are being analyzed
by constructing finite element models consisting of plates
and beams. An analysis of a model of this type is relative-
ly expensive because of the large number of degrees of
freedom required for accuracy. This increases both prepa-
ration and computer time. This paper proposes a new
method of modeling engine static structures that de-
creases both computer time and preparation time when
compared with a plate and beam analysis of similar accu-
racy. The method uses conical shell finite elements with
nonsymmetric loading and deflection capability for the
shell portions of the structure. Normal plate and beam
elements are used for the nonshell portions. The degree-
of-freedom problems encountered when these elements are
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combined are solved. The computer times for this method
are compared with a standard plate and beam solution.
The ability to take advantage of symmetry with these ele-
ments is also discussed.

The reason for the large computer times associated with
plate and beam models of engine static structures is two-
fold. The shell portions of the structure require a large
number of degrees of freedom for accuracy, and the com-
bination of the shell and strut portions forces a large
bandwidth for the resulting stiffness matrix. The shell
portions of the structure require many elements that are
essentially identical. Most programs are not able to take
advantage of this element similarity. As a result, element
stiffness generation time is another major procedure in
which the possibility to decrease computer time exists.

Conical Shell Method

An axisymmetric finite element approach seems prom-
ising; however, most cannot be used because of the inabil-
ity to handle nonsymmetric loads and deflections. A coni-
cal shell element1 has been developed in which the loads
and deflections are expanded in a Fourier series with re-
spect to the azimuthal coordinate (see Fig. 1). Thus, the
elements are axisymmetric in geometry but nonsymmetric
in loads and deflections. This element seems to be very
efficient because one of these elements can replace very
many plate elements. Because of symmetry, displacement
systems associated with the various harmonic orders are
independent. Also, the displacement systems associated
with the symmetric and antisymmetric loading conditions
relative to the azimuthal origin are independent. These
facts result in a large time savings over the plate models.
In effect, many small displacement systems are being
solved, rather than one large system.

In application of these elements to engine static struc-
tures, the problem arises of connecting the conical shell
elements with other elements such as plates and beams.
This has not been accomplished in the past because of the
degree-of-freedom peculiarities of the conical shell ele-
ment. The Fourier expansions for the six degrees of free-
dom of a grid circle are shown in Eqs. 1-6.

ur = u

u* =
n=l

0 * -

n~\

(1)

cos(w0) (2)

(3)

(4)

(5)
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The unstarred parameter represents symmetric displace-
ments and the starred parameters represent the antisym-
metric displacements. The minus signs have been intro-
duced with the equation for the convenience of having the
stiffness matrixes for the starred and unstarred parame-
ters identical. The unknowns in the solution vector are
not the actual displacements but the harmonic coeffi-
cients of the Fourier expansion of displacement with re-
spect to the aximuthal coordinate. Therefore, a degree of
freedom of a nonshell element cannot find a corresponding
degree of freedom on the shell element.

For a structure containing both conical shell elements
and standard plate and beam elements, the normal stiff-
ness-displacement-force equations can be partitioned into
the form

o \o

JD Sd
^_c_
p sd

•* M

(7)

Where the sd superscripts represent the standard dis-
placement degrees of freedom and the fc superscripts rep-
resent the Fourier coefficient degrees of freedom. Equa-
tion (7) is not sufficient to solve the problem because of a
lack of connectivity between the Fourier coefficient de-
grees of freedom and the standard displacement degrees of
freedom. The c subscripts represent the components that
must be connected and the u subscripts represent compo-
nents that will remain unconnected. Before additional
equations are added to the system to connect these de-
grees of freedom, standard condensation procedures2 are
used to reduce the system to only the components that
must be connected . This results in

X)

=• [Kc
sd]- [K^IK

Pfc -

(8)

(9)
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(12)

The connectivity can be achieved by writing equations
of the form

= {0} (13)

These equations can be thought of as functional con-
straints and are referred to as multipoint constraints in
the NASTRAN theoretical manuals.

For example, consider the symmetric radial displace-
ment of a conical shell ring. From Eq. (1) we know for a
given azimuthal position 0, that

r j sd __ rr fc , V" T-rur — u ro T- ^/_^ L/ ?
n=l

fc (14)

If this equation is put in the form of Eq. (13), it can be
seen that

and
[7?^] = [-1]

Equation (13) can also be written in the form:

where

(15)

(16)

(17)

Fig. 1 Conical
shell ele-
ment coor-
dinate sys-
tem.
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Fig. 2 Structure used for
example problem.

Now Eq. (17) must be added to Eq. (8). The result is}

_ __
/ i G | 0 J

(19)

where q may be interpreted as the constraint forces on the
Uc

sd degrees of freedom. Elimination of Uc
sd and q from

the system results in:^

[GT][Ksd][G]} {Ufc} = {Pfc} + [GT]{Psd} (20)

[K]{Ue
fc] = {P} (21)

[K] = [Kfc] + [GT][K*d][G] (22)

{P} = {P/cj + [GT]^Psd} (23)

or

where

and

By solving Eq. (21), Uc
fc is known and can be used in

Eq. (17) to solve for Uc
sd. Uu

sd and Uu
fc can then be

found by using Eq. (7).
It should be noted that Eq. (21) cannot be solved by

separating the various harmonic orders. This is because
the harmonic symmetry has been destroyed as a result of
adding Eq. (17) to the system. However, once Uc

fc is
known, harmonic symmetry can be used when solving Eq.
(7) for UJC- The entire solution procedure could be ac-
complished using both the starred and unstarred parame-
ters in Eqs. (1-6). A better method is to perform sym-
metric and antisymmetric solutions and combine them to
find the nonsymmetric solution. It might seem that the
[Rsd] matrix should be equal to [/]. This is not generally
true because a single conical shell ring may be attached to

- grid ring numbei

Fig. 4 Ten-term Fourier series representation of point load.

standard degrees of freedom at various azimuthal posi-
tions.

Example Problem

Rather than write a completely new program to test this
method of analysis, it was decided to use NASTRAN as a
test bed. NASTRAN was chosen because: 1) it has a non-
symmetric conical shell element in its library; 2) it can
perform matrix partitioning; and 3) it will accept the ad-
ditional constraining equations. NASTRAN will only
allow a limited number of data card types when the coni-
cal shell element is used and will not allow the combina-
tion of this element with any other element. Substructur-
ing can be used, however, to bypass the difficulty of get-
ting data cards accepted and of combining the element
with others. That is, all of the conical shell portions can
be put in one substructure and all of the standard plate
and beam portions can be put in the remaining substruc-
ture. The additional equation combining the structures
can then be introduced into Phase II of the substructure
analysis.

In choosing a demonstration problem for this analysis
method, it was derived to have a simple structure yet in-
clude many features that would be encountered in the
static structure of a gas turbine engine. Figure 2 shows the
structure chosen. As can be seen, it includes two cylinders
and one perforated circular plate connected by four struts
and being supported by four beams. The analysis present-
ed here includes a nonsymmetric loading condition dupli-
cating a maneuver-type load where gyroscopic effects in-
duce a side force through the bearing to the engine frame.

Figure 3 shows the structural idealization using conical
shell elements in connection with plates and beams. The
structure displays reflective symmetry about the plane of
the azimuthal origin, therefore, only half the structure
need be modeled. All of the elements included both bend-
ing and transverse shear stiffness. The thickness of the
shells and plates is 0.1 in. and the beams are 1 in. X 1 in.

Fig. 5 Plate and beam idealization.

SHELL PORTION PLATE AND BEAM PORTION

Fig. 3 Conical shell idealization.



APRIL 1975 MODELING ENGINE STATIC STRUCTURES 233

Table 1 Analysis parameters

.00357

Fig. 6 Deformed shape of grid circle 6.

in cross section. The Fourier series representing the point
load applied to the grid circle with 1 in. radius is listed
below and shown in Fig. 4.

(24)

- sin(30) + c
cos(60) - sin(70) + cos(80)

It should be noted that the solution has been truncated
at harmonic number nine. It was felt that this would keep
the problem small, yet allow a complex displacement
function. It was also desired to have accuracy similar to
the standard plate. Figure 5 shows the idealization using
standard plate and beam elements. The model consists of
104 plates and 2 beams. The element thicknesses and
areas as well as the material properties were identical to
the conical shell model. A point load was applied to the
model as shown in Fig. 2. Both models were then run on
NASTRAN (level 15) so that a comparison could be made
between the two methods. The remainder of the paper
discusses this comparison and makes conclusions as to the
merit of each method.

In general, the results from the two methods were very
similar. The deformed shape of both methods showed the
same trends with small differences in magnitudes. Figure
6 shows the radial and tangential deformation of grid cir-
cle 6 for conical shell model. The plate and beam solution
showed the same deformed shape, but had a maximum
deflection at the 90° azimuthal position of 0.00306 as com-
pared to 0.00357 for the conical shell. The comparison was
similar for the remaining deflections. Figure 7 shows the

3000 T

-3000 -L

A CONICAL SHELL
• PLATE AND BEAM

A STRUT LOCATIONS

Parameter

Number of grid points
Number of elements
Degrees of freedom
Maximum stress in structure
Maximum deflection
Stiffness matrix generation time
Matrix decomposition time

Conical shell
method

28
16

588
10410

0.01637
19 sec
52 sec

Plate and
beam method

144
106
864

10660
0.01367

108 sec
26 sec

Fig. 7 Tangential stress comparison.

comparison of tangential stress in shell 5 (located between
grid circles 6 and 7; see Fig. 3). Again the two methods
showed a similar relationship to the azimuthal position
but with small differences in magnitude. The maximum
in the conical shell model for this grid circle was 2646 and
in the plate and beam model was 2338. The stresses in the
remainder of the structure showed similar correlation.
Table 1 gives a list of the significant parameters for the
two analysis methods. From the number of elements and
grid points, it can be seen that input preparation time
would be less for the conical shell method. The impetus
behind this paper was the large computer times associated
with the plate and beam solutions. It was thought that
the conical shell method could possibly decrease these
times. As can be seen in Table 1, there was a dramatic re-
duction in stiffness matrix generation time. Even though
the times for the conical shell method are based on having
10 harmonics, it should be noted that it would require 57
harmonics to equal the generation time of the plate and
beam method. NASTRAN does not allow the user to reor-
der the harmonic coefficient degrees of freedom; therefore,
the resulting (K) matrix [Eq. (22)] has a very large band-
width. This is the reason for the large decomposition
times of the conical shell method. If a program were writ-
ten specifically for this method, this restriction could be
eliminated and the decomposition times could be dramat-
ically reduced.

Conclusion

It has been demonstrated that it is not only possible to
connect the conical shell element with non-shell elements,
but that results can be obtained comparable to those for a
plate and beam model by using only 10 harmonics. It is
possible to obtain a large time savings using the conical
shell method as a result of a dramatic reduction in stiff-
ness matrix generation time. However, it is not desirable
to apply this method to NASTRAN because of the many
limitations encountered. For this method to be economi-
cally wise, a program would have to be written that would
automate the matrix algebra in Eqs. (7-23). It would
also be desirable to have the program optimize the band-
width of the K matrix in Eq. (22). This method would be
applicable to structures that are comprised mainly of
shells with a few non-shell portions. If only a small por-
tion of the structure is comprised of shells, the standard
plate and beam method would be advantageous.
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